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Minnesota State High School
Mathematics League
Individual Event

2006-07 Event 5B

61-’f'he first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
. worth 2 points. Place your answer to each question on the line provided. You have 12 minutes for this

.( = % event.

84J3 1. The rhombus ABCD pictured in Figure 1 has sides of length 4, and the altitude
dropped from D bisects AB. What is the area of ABCD?

4J3 2. The mid-points of the rhombus described in Problem 1 are joined to form an
(g q }%7 inscribed quadrilateral. What is its area?
3. Inthe square ABCD with sides of length 1 shown in Figure 3, let
x™ *= AE = BF = CG = DH. Find the area of RSTL] in terms of x.
XEL Zx+2, ‘
4. Using the square and the notation introduced in Problem 3, find the area of ABCS
| i-x intermsofz. ‘

2 T D 3 L \
50, A U S[DP& AG‘ = o——
- T t—-X
(72} LT
) < E slope BH = -
AT E s x
Figure 1 ~ - AG L BH
I, AAED is a 30-60-90 friamsle, A =x g : B _
. DE = AEJS =243 5|m||m|+j “"1‘;"
' . Figure 3 merts show Then
(nea CABCD) = 4 (243) = 813 that RSTU 15 squame,

2, N AEH is equila'l*cr-alj HE =2, |
. Base anles of 1sosceles A\ HGD are 30° Let s= Iuﬁ% of a sue of RSTUY

L GHE = 180 - (60+30)= 90 Ft-‘om“r; ob\oP TIIHCB

. EFGH is a rectamale with EF=2J3 ASTTmABCE IS _ :\‘é_%

B
@m_CEFGH):(HE)(EF):a(Zﬁ) e _sé____ﬁ__,_______c
4, Let y=CT ASCB~ASTT s0 yrs_ s DoG—aTer o
“ . I X T = z:
Solve for Y, usng 5 = m O"Q""_ (RSTU) =% XA Zx 4+ P

| | X

1~x i L l=x
Y=g s (1=x%) =m' OM(A‘BCS)" E(s+j)j =z Xtelx +2
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The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
worth 2 points. Place your answer to each question on the line provided. You have 12 minutes for this

event.

,500_5'“_ 1. In the expansion of (x + y)", what is the coefficient of x°y°?
p -

226 2. The Screening Commlttee is to present to the President a list, in alphabetical order,
of the names of three acceptable candidates. How many different lists are possible,
given that the names of the candidates are: Abdullah, Bjorn, Costilio, Diem,
Ellsworth, Fiorello, Gin, Hu, Ione, Juarz, Klein, Longley.

3. A bag contains 4 red and 8 white marbles, well mixed. One marble is removed and
replaced by two marbles of the other color. Again after thorough mixing, a marble
\)(\( is drawn. What is the probability that this last marble to be removed is red?
51
ns g if 4, b, and c are three (not necessarily different) integers chosen randomly and with
replacement from the set {1. 2. 3. 4. 5}, what is the probability that ab+ ¢ is even?

{, The coefficient is 4, ab+ec will be even £
LSy _ 15 M 130 (2 - e
(q)ﬁs.s*-+.?..1-1 = Soos (1) ab and = are beth even
: or
2., lhere are (‘;) z 12 lle =220 T ok ewmd ¢ are both odd,
: 31
ways to choose 3, Alpha‘oeﬁ-g@. ab 15 odd iy B &%o‘
af ten -H\qj are chosen .8 b ane odd) prob = 3.3.%
# 5 5 25
Add 2 603 comtaing 3 red, (0 white )
3, whi g’, ab 15 even f not odd, so
‘\ R (3‘] ° Prnb - . - .{_6._
< # "
e ) i ; T 16 = ks
2 o b
X
q 2 27
3 W]\W 3 < (-'9'5—?*']1 -2-5“ T T l.-:.L-.-S" .
Add 2 \_— Bq | prob (even) = 32127 59
red i1 25"

6“3 cemtalng 6 red, 7T while



_ Solutions

[ - Minnesota State High School
‘Mathematics League
Individual Event

2006-07 Event 5D

Questions in this event are written, with permission, as variations of problems from the 2006 AMC-12
Exam. Review of this exam is excellent preparation, not only for this event, but for the 2007 AMC-12,
which we strongly encourage you to take.

The first question is intended to be a quickie and is worth 1 point. Each of the next three questions is
worth 2 points. Place your answer to each question on the line provided. You have 12 minutes for this
event, :

! 1. For any two real numbers x and , define x @ y = —{g—z Find the numeric value of

_c P [BeseT-[3ecen]
159
3T 2 The vertices of a 5-12-13 right triangle are centers of three mutually externally
tangent circles as shown in Figure 2. What is the sum of the areas of these circles?
— Accept any netahien that ndicafes a. domain of one pomnt

3. The function fhas the property that for each real number x in its domain, lis also
x

K= |

in its domain, and f(x)+ f (—1—) = %—E—{ What is the largest set of numbers that can
x x

" be in the domain of f?
“oo4) or 1,008016 :
4. Theexpression (x+y+2)™ +(x-y-2)™" is expanded and simplified by
combining like terms. How many terms are in this simplified expression?

1, '3'{‘5'@1 - 4+ N 2, blsmj s, m, a“d,&'
5

BN =
‘ + 3?-:-6 q  as radil of the
3@ z Tz ¢ 2z small, medium, and
n_.a. [ (Mje. l:'-lt"cslesJ solve:
= * l \ Stm = 5
..l_ - % X =l _‘e‘__la‘
1 - x 27 5 +
> ‘E(")+£(l‘3<)“ [+ L X+ m+d =13
X
| - $=235 m=3: f=10 _
JOLEIOETE - I 5 m=3; Figure 2

. [-P(x)-{-f(i)] Areo =7t (4 +9+ 100) :

ac W | b
2 [foo+ B(z)] = 0 =pX=d A For each term x*4P2 there is a term kx(-yX-2)
*H These drop out if band c are opposite 1w paniky, Sinca

a+rbre = 2007, terms remain only W oa is”edd
Total chowces = (2008-1) +(zoo g -3 +-~- + | =(loo4)

Ve X=
2
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Minnesota State High School
Mathematics League
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2006-07 Meet 5

Each question is worth 4 points. Team members may cooperate in any way, but at the end of twenty
minutes, one set of answers is to be submitted. Put answers on the lines provided.

1.

In Figure 1, place the integers 1, 2, 3, 4, 5, 6, 7, 8 in the circles along the edges of the
square so that the sum of the integers on each side is the same. Do the same in each
of the remaining squares, taking care to get sums that are the same on each side of a
square, but different for each square. You get 1 point for each square completed.

OG0 OG0 GO OOG
OrD e Ocd & oG
OO0 606G O® -0

Figure 1 Subtract each entry wn A from 2 o qet +the corres -
pondma entry wva B, Note that 3 -2 =15, S tm‘-larlj
examine C and D,

Four points on a plane determine six line segments. Figure 2 shows one way to
place the four points so that the six line segments have just two different lengths.
You get one point, up to a maximum of four, for each essentially different way
(simply rotating or reflecting a figure doesn't count) you can place four points so
that the six connecting line segments have just two different lengths. Clearly
indicate the given four points, since the lines may cross in places not included
among the given points, as in Figure 2,

To begin with, a student walks down a row of lockers, numbered from 1 to 500,
making sure that they are all closed but not locked. Student 2 walks along the
lockers and changes the position (in this case opens) all the doors with numbers
divisible by 2. Student 3 then changes the position of the doors of lockers with
numbers divisible by 3 (opening number 3, dosing number 6, eic,). This process
continues, with student # changing the position (opening dosed doors, closing
open doors) of doors on lockers with numbers divisible by n.

(a) What is the final position of door 360 (open or closed)?

(2

(b) How many times will door 360 have been opened when the process is

complete?




69 4 A quadrilateral is formed by joining in order O(0,0) to A(16,0) to B(8,14) to C(2,10),
and back to O. The midpoints of the sides of OABC are then joined in order to form
a second quadrilateral. What is its area? -

? 5. Inthe square ABCD with sides of length 1 shown in Figure 5, let

';" -, X=AE = BF = CG = DH. Find the area of ABSE in terms of x.
Z(x=2x+?) :

M.

6. Let x be the length of the base of an isosceles triangle having legs of length 10. We
wish to study the function f that expresses the area A of the triangle as a function of

' e 3 Xile A= f(x).

) 400- X (a) (2 pomts) Write a formula for f(x) Lhle ab d
N . ; wh e
0= X <20 (b) (1 point) What is the domain of this function? Ea\::S A cc:P‘: o< x< 20

1OJE ¢ C) (1 point) What is the value of x that maximizes A?
D G x C
X U Y
T
| E
b4
2 Y
A X E B
Figure 2
e Figure 5

Pt your draw ings for Problem 2 here,

AL s

Team’




Team Event: 5 Sorutions |

3 360=2°3%5 ‘;
The posHon of the door is c'\av\ge,c]
for each number of +the form -

2n3™5™ oen=3 osmze, osn<!

|
méxclu‘cl;;n.j the case whene n;=n§n3"—'o.
|, there are .é?%_‘3-2-l=?.3 changes,
OF these., chwnjes ,3,...,23 =
{an-»l: h:-!.,__JIZ.} apen the doo'r_-, 56
+he door s openecd [2 times, and ' ‘

the 23 chcunj_e_ leaves the door open, slope UT = slope. B3 =7:7

X andUT=RS=I?— = J&5
5. Refer 4o F'ijqre 5 om the Answer she _ ‘ Theat = e
50 RS TuU is a Pam”elojram,

'Pn‘r .r\o'lui‘t'cm. - The lne ‘H\rbu-jh U and Tis

- T
ABSE ~ ACS5B, o = _“d_‘ y-F= Zix-)
or —7x *"4’5""3 =0

Mld‘pom'l's are R_, SJT, Uas Shown

‘

b was shown in Evewid~ 5B that Distance. from R +o TU s

Yy = Sl » SO ~1(B)+4()-13] . 63

IxEoex+2 Jaa v 1o JEs

2 =(exdy = U=X) RSTU) = WJE§ 2t =69
J xE - ZA+ 2 Ouen s ves

anea—(ABSE):-;z Yz
C|~—-x)3

2 (x%=2x +2)

i
i (@) A= z <h 2 . 1o ,
l e X 4-00—X lj;
| o
‘l —_
2 A = -\i-x 40%. = CC-) US\nj cne op H'\e, IE‘j'S as
& ' a base cxmdj as the

(b)) Sea From the expression for A, or

From the pletune Hat x cCamnot cor—reslommj elgkh

P\T-'Lz“tlo\j: %-Ais

mqmm;gaot when q ‘0 rax,
But Y = 1o, When y=I0, %= 10V

exceed &0
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